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Abstract. In this paper, we are concerned with the asymptotic behavior of the Neumann-
Poincare´ operator in Helmholtz system. By analyzing the asymptotic behavior of spherical Bessel
function near the origin and/or approach higher order, we prove the asymptotic behavior of spec-
tral of Neumann-Poincare´ operator when frequency is small enough and/or the order is large
enough. The results show that spectral of Neumann-Poincare´ operator is continuous at the origin
and converges to zero from the complex plane in general.
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1. Introduction
Recently, spectral of Neumann-Poincare´ operator have attracted much attention, for its appli-
cations in plasmon resonance [2, 3, 13, 15, 18–20, 22], cloaking due to anomalous localized reso-
nance [8–10, 12, 16, 24, 25] and enhancement of near cloaking [5–7]. We also refer to [21, 23] for
analysis of spectral of Neuamann-Poincare´ operator in domains with corners. Most of the studies
are based on the static (quasi-static) case, i.e., conductivity problem. In [15, 24, 25], the authors
consider the spectral of Neumann-Poincare´ operator in Helmholtz system with finite frequency and
use the result to analyze plasmon resonance and cloaking due to anomalous localized resonance
phenomena. Mathematically, one consider the following Helmholtz system in Rd, d = 2, 3:
(1.1)

∇ · (ε(x)∇u(x)) + k2u(x) = 0, x ∈ Rd,
lim
|x|→∞
|x|(d−1)/2
( x
|x| · ∇u(x)− iku(x)
)
= 0,
where ε(x) denotes for the material parameter. Suppose ε(x) = (ε0−1)χ(D) + 1, where χ(D) is the
indicator function for inclusion D and ε0 is the material parameter of D. The shape of the inclusion
D is essentially connected with the spectral of the Neumann-Poincare´ operator (KkD)∗(see (2.3)). In
static case, that is k = 0 , the spectral of (K0D)∗ has been studied widely and the eigenvalues have
been found elaborately for some special cases, i.e., D is a disk, ball or ellipse. In [25], the authors
present one form of the eigenvalues of (KkD)∗ when D is a ball for finite frequency k. However, the
relation between asymptotic behavior of spectral of (KkD)∗ and spectral of (K0D)∗ is still not known.
In this paper, we deal with this problem. We first derive some different forms of eigenvalues of
(KkD)∗ when D is a ball, and then show that the eigenvalues approach exactly to the eigenvalues
of (K0D)∗ when k goes to zero. We also show that the eigenvalues converges to complex number in
general. Our main results for three dimensional case are listed in Theorem 3.1 and Theorem 3.2.
The asymptotic behavior of spectral of (KkD)∗, where D is a disk, is listed in Theorem 4.1.
2. Layer potential and spectral of Neumann-Poincare´ operator in R3
In this section, we present the spectral of Neumann-Poincare´ operator. Before proceeding, we
present some preliminary knowledge on layer potential techniques (cf. [4, 27]).
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2.1. Layer potentials. Let Gk be the fundamental solution to the PDE operator ∆ + k
2 in Rd,
d = 2, 3, that is
(2.1) Gk(x) =

− i
4
H
(1)
0 (k|x|), d = 2
− e
ik|x|
4pi|x| , d = 3
where H
(1)
0 (k|x|) is the Hankel function of first kind of order zero. For any bounded Lipschitz domain
B ⊂ Rd, d = 2, 3, we denote by SkB : H−1/2(∂B)→ H1(Rd \ ∂B) the single layer potential operator
given by
(2.2) SkB [φ](x) :=
∫
∂B
Gk(x− y)φ(y) dsy,
and (KkB)∗ : H−1/2(∂B)→ H−1/2(∂B) the Neumann-Poincare´ operator
(2.3) (KkB)∗[φ](x) := p.v.
∫
∂B
∂Gk(x− y)
∂ν
φ(y) dsy,
where p.v. stands for the Cauchy principle value. In (2.3) and also in what follows, unless otherwise
specified, ν signifies the exterior unit normal vector to the boundary of the concerned domain. It is
known that the single layer potential operator SkB is continuous across ∂B and satisfies the following
trace formula
(2.4)
∂
∂ν
SkB [φ]
∣∣∣
±
= (±1
2
I + (KkB)∗)[φ] on ∂B,
where ∂∂ν stands for the normal derivative and the subscripts ± indicate the limits from outside and
inside of a given inclusion B, respectively. In the following, if k = 0, we formally set Gk introduced
in (2.1) to be G0, and the other integral operators introduced above can also be formally defined
when k = 0.
2.2. Spherical Bessel and Neumann functions. In this part, we present some preliminary re-
sults for spherical Bessel and Neumann functions. Recall that the spherical Bessel and Neumann
functions are solutions to the following spherical Bessel differential equation (see, e.g., [17]):
(2.5) t2f ′′(t) + 2tf ′(t) + (t2 − n(n+ 1))f(t) = 0, n = 0, 1, 2, . . . .
In the sequel, unless otherwise stated, n is always chosen for nonnegative nature numbers, i.e.,
n = 0, 1, 2, . . .. The spherical Bessel and Neumann functions are then defined by
(2.6) jn(t) :=
∞∑
l=0
(−1)l
2ll!1 · 3 · · · (2n+ 2l + 1) t
2l+n,
and
(2.7) yn(t) := − (2n)!
2nn!
∞∑
l=0
(−1)l22l−n−1
2ll!(−2n+ 1)(−2n+ 3) · · · (−2n+ 2l − 1) t
2l−n−1,
The linear combination
(2.8) h(1)n := jn(t) + iyn(t)
is called the spherical Hankel function of first kind of order n. For subsequent usage, we present the
following famous Wronskian identity:
(2.9) j′n(t)h
(1)
n (t)− jn(t)h(1)n
′
(t) = − i
t2
.
For n sufficiently large enough, there holds the following asymptotic behavior (cf. [17]):
(2.10) jn(t) =
2nn!tn
(2n+ 1)!
(
1 +O
( 1
n
))
,
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uniformly on compact subsets of R and
(2.11) yn(t) =
(2n)!
i2nn!tn+1
(
1 +O
( 1
n
))
,
uniformly on compact subsets of (0,∞). In what follows we define by Y mn the spherical harmonics of
order n and degree m and Pn(t) the Legendre polynomial of order n. For any x ∈ R3, let xˆ := x/|x|
be the unit vector. We present the following Funk-Hecke formula (cf. [26]):
Lemma 2.1. Suppose that f(t) is continuous for t ∈ [−1, 1], then there holds that
(2.12)
∫
S2
f(xˆ · yˆ)Y mn (yˆ)ds = λY mn (xˆ),
with
(2.13) λ := 2pi
∫ 1
−1
f(t)Pn(t)dt.
2.3. Spectral of Neumann-Poincare´ operator in R3. In this part, we shall present the spectral
of Neumann-Poincare´ operator (KkBR)∗, where BR is a ball with radius R. We have the following
scaling result (see, e.g., [2]):
Lemma 2.2. The spectral of (KkBR)∗ is the same with the spectral of (KkRB1 )∗.
Without loss of generality, in the sequel, we only consider the spectral of (KkB)∗, where B is a
unit ball.
Lemma 2.3. There holds the following:
(2.14) (KkB)∗[Y mn ] =
(
− 1
2
− ik2jn(k)h(1)n
′
(k)
)
Y mn =
(1
2
− ik2j′n(k)h(1)n (k)
)
Y mn .
We mention that (2.14) is proved in [25], with some additional assumption. Here, we shall present
a different proof without any additional assumption.
Proof. It is shown in [17] that
(2.15) SkB [Y mn (zˆ)](xˆ) = −ikjn(k)h(1)n (k|x|)Y mn (xˆ), |x| > 1.
By using the jump formula (2.4) from the outside of B one then has
(2.16)
(I
2
+ (KkB)∗
)
[Y mn (zˆ)](xˆ) = −ik2jn(k)h(1)n
′
(k)Y mn (xˆ),
which proves the first equality in (2.14). By using (2.9) one thus has the second equality in (2.14).
The proof is complete. 
We have another form of the spectral of Neumann-Poincare´ operator. Before this, we present the
following useful result (cf. [25]):
Lemma 2.4. For any φ ∈ H−1/2(∂B), there holds the following identity:
(2.17) (KkB)∗[φ] = −
1
2
SkB [φ] +
ik
2
EkB [φ],
where the operator EkB : H
−1/2(∂B)→ H1/2(∂B) is defined by
(2.18) EkB [φ](x) := −
1
4pi
∫
∂B
eik|x−y|φ(y)dsy.
Lemma 2.5. There holds the following:
(2.19) (KkB)∗[Y mn ] =
ik
2
(jn(k)h
(1)
n (k) + cn,k)Y
m
n ,
where cn,k is defined by
(2.20) cn,k := −1
2
∫ 1
−1
eik
√
2(1−t)Pn(t)dt.
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Proof. By using (2.15) and the continuous of SkB across ∂B one has
(2.21) SkB [Y mn ] = −ikjn(k)h(1)n (k)Y mn .
Note that
|x− y| =
√
2− 2x · y, x,y ∈ ∂B,
together with the definition (2.18) and Funk-Hecke formula (2.12), one thus has
(2.22) EkB [Y
m
n ] = cn,kY
m
n .
By substituting (2.21) and (2.22) back into (2.17) one thus has (2.19), which completes the proof. 
By combining the two forms of eigenvalues (2.14) and (2.19), one can find the following result:
Lemma 2.6. There holds the following:
(2.23) h(1)n (k) =
1− ikcn,k
ik(jn(k) + 2kj′n(k))
,
where cn,k is defined in (2.20). If k = k0, where j
′
n(k0) = −1/(2k0)jn(k0) then the above equality is
realized as an limit for k → k0.
3. Asymptotic behavior of spectral of Neumann-Poincare´ operator
In this section, we shall derive the asymptotic behavior of the Neumann-Poincare´ operator (KkB)∗
when the frequency k is sufficiently small or n is sufficiently large enough. We first present some
auxiliary results.
Lemma 3.1. Let cn,k be defined in (2.20). Suppose k is sufficiently small, then there holds the
following:
(3.1) c0,k = −1− 4
3
ik +O(k2),
and
(3.2) cn,k = −
√
2
2
ik
∫ 1
−1
√
1− tPn(t)dt+O(k2).
Proof. The proof is straight forward by using Taloy expansion and noticing the orthogonality of the
Legendre polynomial Pn(t). 
Lemma 3.2. Suppose k is sufficiently small, then there holds
(3.3) kj′n(k) = njn(k) +O(kn+2).
Proof. We begin with n = 0, then by j0(k) = sin(k)/k, one immediately has (3.3) by Taylor
expansion. Now suppose n 6= 0, then by using (2.6) one has
kj′n(k) = n
2nn!
(2n+ 1)!
kn +O(kn+2), jn(k) = 2
nn!
(2n+ 1)!
kn +O(kn+2),
which verifies (3.3) and the proof is complete. 
We are now in the position of presenting our main results. Suppose that
(3.4) (KkB)∗[Y mn ] = τn,kY mn .
One can find the explicit form of τn,k from (2.14) and (2.19).
Theorem 3.1. Let τn,k be defined in (3.4). Then there holds the following
(3.5) lim
k→0
τn,k =
1
2(2n+ 1)
.
Before the proof of Theorem 3.1, we want to make a remark. It is shown in [5] that
(3.6) (K0B)∗[Y mn ] =
1
2(2n+ 1)
Y mn .
Thus Theorem 3.1 indicates that the spectral of Neumann-Poincare´ operator is continuous near the
origin.
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Proof. By using (2.19) and (2.23) one has
(3.7) τn,k =
ik
2
(
jn(k)
1− ikcn,k
ik(jn(k) + 2kj′n(k))
+ cn,k
)
If n = 0, then by j0(k) = sin(k)/k, one can directly calculate (3.7) with n = 0 to get
(3.8) lim
k→0
τ0,k = lim
k→0
i
2
sin(k)
i sin(k) + 2i(k cos(k)− sin(k)) =
1
2
.
If n 6= 0, by using Lemma 3.1 and Lemma 3.2, one then has
(3.9) lim
k→0
τn,k = lim
k→0
1
2
jn(k)
jn(k) + 2kj′n(k)
= lim
k→0
1
2
1
1 + 2kj′n(k)/jn(k)
=
1
2(2n+ 1)
.
The proof is complete. 
Theorem 3.2. Let τn,k be defined in (3.4). Then for n sufficiently large enough, there holds the
following:
(3.10) τn,k =
1
2(2n+ 1)
+
i
2
kcn,k +O
( k
n3/2
)
,
where
(3.11) cn,k = O
( 1√
n
)
.
Proof. Suppose that n is sufficiently large enough, then by using (2.10), one obtains that
(3.12) kj′n(k) =
n2nn!kn
(2n+ 1)!
(
1 +O
( 1
n
))
.
By using the orthogonality property of the Legendre polynomial Pn(t), that is
(3.13)
∫ 1
−1
Pm(t)Pn(t) =
2
2n+ 1
δmn,
where δmn denotes for the Kronecker delta, which equals to one if m = n and zero otherwise, and
Cauchy-Schwarz inequality one derives that
|cn,k| =
∣∣∣− 1
2
∫ 1
−1
eik
√
2(1−t)Pn(t)dt
∣∣∣ ≤ 1
2
(∫ 1
−1
∣∣eik√2(1−t)∣∣2dt)1/2√ 2
2n+ 1
=
1√
2n+ 1
.
Then by using (2.10), (3.7) and (3.12) one has
(3.14) τn,k =
1− ikcn,k
2(2n+ 1)
(
1 +O
( 1
n
))
+
ik
2
cn,k =
1
2(2n+ 1)
+
i
2
kcn,k +O
( k
n3/2
)
,
which completes the proof. 
From (3.10) one can find that the convergence rate of the spectral is no faster than 1/(4n). The
coefficient cn,k also plays an important role for the convergence of the spectral and it is a complex
number in general, thus the spectral of (KkB)∗ should converge to zero from the complex plane in
general. Let τ
(0)
n,k := 1/(2(2n+1))+
i
2kcn,k be the leading order in (3.10), the numerical illustrations
of τ
(0)
n,k, 0 ≤ k ≤ 20 with different choice of n are presented in Figure 1 and Figure 2. In Figure 3 we
illustrate the convergence of |τ (0)n,k| for different choice of k.
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Figure 1. Real part, imaginary part and modulus of τ
(0)
n,k with respect to 0 ≤ k ≤
20. The curves in the figure represent for n = 0, 5, 10, 15, 20, respectively.
4. Two dimensional case
4.1. Spectral of Neumann-Poincare´ operator in R2. In this section, we shall present the
spectral of Neumann-Poincaree´ operator in R2 for Helmholtz system (1.1). We suppose that Q is a
disk of radius one and x := (‖x‖ cos θx, ‖x‖ sin θx). Recall the Graf’s formula ( [1, 11])
(4.1) H
(1)
0 (k|x− y|) =
∑
n∈Z
H(1)n (k‖x‖)einθxJn(k‖y‖)e−inθy , ‖x‖ > ‖y‖,
where H
(1)
n is the Hankel function of the first kind of order n, that is
(4.2) H(1)n (t) = Jn(t) + iNn(t),
where Jn and Nn are Bessel functions of order n of the first and the second kind, respectively.
Similar to the three dimensional case, we have the following result:
Lemma 4.1. There holds the following for ‖x‖ > 1
(4.3) SkQ[einθ](x) = −
ipi
2
Jn(k)H
(1)
n (k‖x‖)einθx .
Proof. By using (4.1) and the orthogonality of einθ on a unit circle, n ∈ Z, one has
SkQ[einθ](x) =−
i
4
∫
∂Q
∑
m∈Z
H(1)m (k‖x‖)eimθxJm(k‖y‖)e−imθyeinθydsy
=− i
4
∫ 2pi
0
∑
m∈Z
H(1)m (k‖x‖)eimθxJm(k)e−i(m−n)θydθy
=− ipi
2
Jn(k)H
(1)
n (k‖x‖)einθx ,
(4.4)
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Figure 2. Real part, imaginary part and modulus of τ
(0)
n,k with respect to 0 ≤ k ≤
20. The curves in the figure represent for n = 6, 18, 30, 42, respectively.
Figure 3. Modulus of τ
(0)
n,k with respect to 0 ≤ n ≤ 30. The curves in the figure
represent for k = 0, 7.5, 15, 22.5, 30, respectively.
which completes the proof. 
In what follows, we present the Wronskian identity for Jn and Hn, which is
(4.5) J ′n(t)H
(1)
n (t)− Jn(t)H(1)n
′
(t) = − 2i
pit
.
By using (4.3) and (4.5) one thus has the eigenvalues of (KkQ)∗ in the following:
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Lemma 4.2. There holds the following
(4.6) (KkQ)∗[einθ] =
(
− 1
2
− ipi
2
kJn(k)H
(1)
n
′
(k)
)
einθ =
(1
2
− ipi
2
kJ ′n(k)H
(1)
n (k)
)
einθ.
Proof. The proof follows similar to the proof of Lemma 2.3. 
4.2. Asymptotic behavior. In the last part, we have present the spectral of (KkQ)∗ when Q is a
unit disk in (4.6). We shall show the asymptotic behavior of the spectral when k is sufficiently small,
or n is sufficiently large. Recall that Jn(k) and H
(1)
n (k) admits the following asymptotic behavior:
(4.7) Jn(k) =

1− k
2
4
+O(k4), n = 0 and k << 1
1
Γ(n+ 1)
(k
2
)n(
1− 1
n+ 1
(k
2
)2
+
1
2(n+ 1)(n+ 2)
(k
2
)4
+O
( k6
(n+ 1)3
))
, n ≥ 1 k << √n+ 1
and
(4.8) H(1)n (k) =

1 + i
2
pi
(
ln
k
2
+ γ
)
+O(k), n = 0 and k << 1
− iΓ(n)
pi
(2
k
)n(
1 +
1
n− 1
(k
2
)2
+
1
2(n− 1)(n− 2)
(k
2
)4
+O
(k6
n3
))
, n ≥ 1 k << √n+ 1
where Γ is the Gamma function and γ = 0.5772... is the Euler-Mascheroni constant. We now present
the asymptotic behavior of (KkQ)
∗ in two dimensional case as follows:
Theorem 4.1. Suppose
(4.9) (KkQ)∗[einθ] = κn,keinθ.
Then there holds the following:
(4.10) lim
k→0
κn,k =

1
2
, n = 0
0. n ≥ 1
and for n sufficiently large enough there holds
(4.11) κn,k = − k
2
4n(n− 1)(n+ 1) +O
(k4
n4
)
.
Proof. Suppose n = 0, and k is sufficiently small, then by using the first part in (4.7) and (4.8) one
has
(4.12) J ′0(k) = −
k
2
+O(k3), and H(1)0 (k) = i
2
pi
ln
k
2
+O(1).
By substituting (4.12) into the second identity in (4.6), there holds
κ0,k =
1
2
− ipi
2
k
(− k
2
+O(k3))(i 2
pi
ln
k
2
+O(1)) = 1
2
− k
2
2
ln
k
2
+O(k2),
which proves the first case in (4.10). Now fix k and suppose n is sufficiently large, from (4.6) one
has that
(4.13) (Jn(k)H
(1)
n (k))
′ = J ′n(k)H
(1)
n (k) + Jn(k)H
(1)
n
′
(k) = i
4
kpi
κn,k.
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Figure 4. Real part, imaginary part and modulus of κn,k with respect to 0 ≤ k ≤
20. The curves in the figure represent for n = 1, 10, 19, 28, respectively.
By using (4.7) and (4.8) one obtains
Jn(k)H
(1)
n (k) =− i
1
npi
(
1 +
( 1
n− 1 −
1
n+ 1
)(k
2
)2
+( 1
2(n+ 1)(n+ 2)
+
1
2(n− 1)(n− 2) −
1
(n− 1)(n+ 1)
)(k
2
)4
+O
(k6
n3
))
=− i 1
npi
(
1 +
2
(n− 1)(n+ 1)
(k
2
)2
+O
(k4
n3
))
.
(4.14)
Together with (4.13), one finally obtains
κn,k =− kpi
4
1
npi
(
1 +
2
(n− 1)(n+ 1)
(k
2
)2
+O
(k4
n3
))′
=− k
2
4n(n− 1)(n+ 1) +O
(k4
n4
)
,
(4.15)
which completes the proof. 
Theorem 4.1 shows that the convergence rate of κn,k is of order 1/n
3 as k fixed and n goes
to infinity. The numerical illustrations are listed in Figure 4 and Figure 5. We mention that the
degenerate rate of the eigenvalues of Neumann-Poincare´ operator in two dimensional case is quite
faster than than in three dimensional case, especially when k is small. We refer to [14] for deriving
of exponential decay rate of Neumann-Poincare´ operator in static case.
5. Concluding Remark
In this paper, we have shown the asymptotic behavior of the spectral of Neumann-Poincare´
operator in Helmholtz system in two aspects. First, if the frequency turns to zero, then the spectral
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Figure 5. Asymptotic behavior of κn,k with respect to 0 ≤ n ≤ 36. The curves in
the figure represent for k = 0.1, 5.1, 10.1, 15.1, respectively.
is exactly the spectral of Neumann-Poncare´ in static system, i.e., the spectral is continuous near the
origin. Second, we show how the behavior of eigenvalues at infinity.
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